The electromechanical model of the TESLA cavity has been implemented in FPGA technology for real-time testing of the control system. The model includes Lorentz force detuning and beam loading effects.
Introduction
The majority of existing accelerators are controlled by analog control systems. A fully digital solution of such systems has recently become possible with the advent of FPGA chips equipped with DSP capabilities. A new generation of digital controllers may integrate new tasks like: system identification and simulation, continuous and multichannel measurements, massive data acquisition, continuous diagnostics and exception handling, introduction of realtime feedback between the beam quality (electrical and optical) and system parameters, building a rich database of the system behavior in changing working conditions, etc. The above tasks rest on the assumption that the idle time, of the accelerator working in pulsed mode, may be efficiently used for the intensive DSP calculations. The introduction of new features is expected to result in: increased system safety, shorter design time, less human resource requirements, less consumed material and occupied space by the control-diagnostic system, less power consumption, increased reliability in adverse environments and lower cost.
The TESLA accelerator uses nine-cell superconducting niobium resonators to accelerate electrons and positrons. The acceleration structure is operated in a standing π-mode wave at the frequency of 1,3 GHz. The RF oscillating field is synchronized with the motion of a particle moving at the velocity of light across the cavity (see figure 1 ). The LLRF (low level radio frequency) cavity control system for the TESLA project has been developed in order to stabilize the accelerating fields of the resonators. The control section, powered by one klystron, may consist of many cavities. One klystron supplies the RF power of 10 MW to the cavities through the coupled waveguide with a circulator. The cavities are driven with pulses of 1.3 ms in duration and the average accelerating gradients of 25 MV/m. The control feedback system regulates the vector sum of the pulsed accelerating fields in multiple cavities. The fast amplitude and phase control of the cavity field is accomplished by modulation of the signal driving the klystron. The cavity RF signal is down-converted to an intermediate frequency of 250 kHz preserving the amplitude and phase information. The ADC and DAC converters link the analog and digital parts of the system. The digital signal processing is applied for the detection of the field vector as the complex envelope represented by real -I (in-phase) and imaginary -Q (quadrature) components (I/Q detector). The digital controller stabilizes the complex envelope of the cavity wave, according to the desired set point. Additionally, the adaptive feed-forward is applied to improve the compensation of repetitive perturbations induced by the beam loading and by the dynamic Lorentz force detuning. The theoretical verification of the existing superconducting cavity model [1] [2] [3] lead to the synthesis of a digital algorithm efficiently implemented in the FPGA structure. This cavity simulator was used for evaluation of the control algorithms and for investigation of the optimal control method. The FPGA hardware implementation of the cavity model is intended for real time operation.
The cavity model

Electrical circuit model
The following considerations are limited to a single cavity represented as LCR circuit coupled to a waveguide driven by a klystron. This approach is sufficient for the purpose of cavity control modeling [1] [2] [3] . The circuit model of the cavity environment is presented in 
where, the following secondary parameters (derived from the primary LRC parameters) are applied: resonance frequency
Due to the stability of the RF generator frequency ω g , and narrow resonator bandwidth, the cavity voltage can be modeled in the time domain as analytical signal represented as a vector or phasor in the complex domain:
where u r is a real signal and u i its Hilbert transform; amplitude a(t) and phase φ(t) are slowly time-varying parameters relative to the period of the RF signal carrier. 
where U(s) and J(s) = 2J g (s) -J b (s), are Laplace transforms of the analytical signal for the voltage and current respectively.
The low level RF representation of the cavity signal in the time domain is the complex envelope derived from the complex demodulation (down conversion) of the analytical signal, which is obtained by applying the operator exp(-iω g t) for a given frequency ω g . Vice versa, the complex modulation (up conversion) of the envelope is obtained by applying the operator exp(iω g t) and yields the analytical signal for a given frequency ω g . The complex envelope for the cavity current i(t) and voltage v(t) can be represented as a vector or phasor by its real I -inphase, and imaginary Q -quadrature components as follows (for the voltage case):
The signal relation is modeled by the flow graph according to figure 3. The successive operations, presented by the signal-flow graph in figure 3 , yield the direct relation between the cavity input and output
where V(s) and I(s) = 2I g (s) -I b (s), are the Laplace transforms of the complex envelope for the voltage and the current respectively.
The resultant cavity transfer function is transformed to a low-pass filter. The analytical form of impedance can be simplified for signals with narrow spectral range in comparison with the generator frequency close to the cavity resonance frequency. Then, for |s| << ω g ≈ ω 0 yields:
, where the cavity detuning is 2π∆f = ∆ω ≡ ω 0 -ω g .
Cavity
The complex envelope relation for the cavity signals is written in Laplace space as follows:
Moving to the time domain yields the state space equation with v(t) as a state vector of the cavity electrical model:
where v(t) and i(t) = 2i g (t) -i b (t) are the time dependent complex envelopes of the voltage and current respectively and A e = -ω 1/2 +i∆ω is the phasor. 
Electromechanical model
The cavity has a high loaded quality factor Q L ~ 3·10 6 and a narrow bandwidth of about 430 Hz (FWHM). The cavity is sensitive to mechanical distortion caused by microphonics and Lorentz force, changing the resonator frequency. The cavity model is nonstationary with a time varying detuning ∆ω. A value of the cavity detuning can be comparable to the cavity bandwidth in the real operation condition. This cavity parameter has two dominant deterministic components: the Lorentz force detuning and the initial predetuning. The mechanically biased predetuning attempts to compensate the EM forced detuning factor, during operation of the cavity. The mechanical model of the cavity describes the dynamic Lorentz force detuning which depends on the time varying field gradient [2] . It is based on a linear relationship for each of the independent mechanical modes of the cavity with resonance frequency f m and mechanical quality factor Q m for a given mode. Each of the mechanical equation for the m-th mode:
where The resulting cavity detuning is ∆ω(t) = ∑∆ω m (t) + ∆ω 0 , where ∆ω 0 is the initial predetuning.
The main parameters of the cavity electromechanical model are gathered in 3. Digital processing of the cavity model
Discrete cavity model
A discrete processing of the cavity algorithm has been developed for a digital implementation of the cavity model. The continuous model of the cavity behavior, presented in equations (7) and (9), can be approximated by recursive calculations in a finite number of steps. Applying the Euler approximation for time the derivative of a general variable x: dx/dt ≈ (x n+1 -x n )/T, yields for successive n-th and (n+1)-th samples, with time interval T and with identity matrix 1, the following recursive equations, respectively:
• for the electrical model (7) 
Applying simplified notation by ignoring time indices and by introducing new symbols yields, respectively,
• for the electrical model: 
Applying the common state vector w (dim = 6 x 1) and the common matrix A (dim = 6
x 6) and the common vector B (dim = 6 x 1), for the mechanical model with 3 modes, yields:
where the partial vector and matrices with indices range (2m-1: 2m) for the m-th mode are The resultant detuning of the cavity is ∆ω = ∑w(2m-1) + w0, where w0 is the initial predetuning.
The discrete cavity algorithm, for the electrical and mechanical parallel iterative processing, has been implemented by applying Matlab code with the sampling time T= 1µs.
Cavity simulator algorithm
The functional diagram of the cavity digital simulator algorithm, according to the electromechanical model, is presented in figure 5 . 
Cavity controller algorithm
A model of the control system has been developed to investigate different operational conditions of the cavity. The functional diagram of digital controller algorithm is presented in figure 6 . The relative step response is shown in fig.7 for all variables for the 18-bit resolution model compared to the reference with full resolution. Two cavity models (digital 18-bit resolution and full resolution one) were driven with the same input signal generator, equivalent to ~14,7 mA current pulse. The total time of the simulation is 10000 µs and is long compared to the real operating pulse of 1500 µs. Due to the good agreement the curves for two models are hardly distinguishable.
The relative mean square error of the complex envelope Err(N) for N-bit resolution was calculated for n steps according to the expression: 
FPGA based cavity simulator integrated with controller
A hardware layer of the cavity simulator and controller system (SIMCON) is realized with the commercial development kit [4] . The kit consists of the main board (MB) integrated with a daughter board (DB). The DB is realizing the hardware DSP algorithms. The DB possesses two fast 14-bit, 65MHz ADC and DAC and a FPGA VirtexII chip equipped with 18x18 bit multiplication circuits. The adaptation of the kit to the needs of the user standard is realized by embedding it on a carrier board 6HE EURO, as presented in fig.9 . The SIMCON card occupies two slots in the VME 6U crate. The power supply is provided either from the VME bus or from the power unit provided with the board. The Enhanced Parallel Port (EPP)
protocol is used to communicate with the board because the EPP has a simple implementation in the FPGA chip. The hardware realization of the interface was described in detail in [5] [6] [7] . The programming layer of all blocks of SIMCON system is realized by the control computer system with the aid of the COMMUNICATION CONTROLLER block. The EPP hardware transmission protocol was used for this purpose. The signal distribution bases on the Internal Interface standard, described in detail in [7] .
The step operation and vector stimulus mode is applied for testing the FPGA device coupled to the MatLab system via the COMMUNICATION CONTROLLER. The FPGA signal processing was verified according to the desired algorithm. To realize online processing, a synchronous 40MHz pipeline bus is used. The system flexibility, obtained in this way, gives the possibility to choose arbitrarily the number of clock periods necessary to do the successive, partial calculations by the DSP blocks.
Software simulation and results of hardware test procedure
The FPGA cavity simulator with controller is coupled to the Matlab system via a communication interface. The real time tests are carried out according to the schematic block diagram shown in figure 11. The Matlab system initiates the simulation process for given primary parameters of the cavity model according to table 1. The secondary, internal parameters for the FPGA system were calculated as described in the second paragraph. The required data for the Set Point and Feed Forward tables of the controller are generated according to the cavity model by an iterative processing striving to the optimal control. The Matlab simulation process is verified by a plot. The resulting example, for the real operational condition, is presented in figure 12 . The cavity is driven in pulse mode forced by control feedback together with the direct control by feed-forward . During the first stage of the operation, the cavity is filling with a constant forward power, resulting in an exponential increase of an electromagnetic field, according to its natural behavior in resonance condition.
When the cavity gradient reached the required final value, the beam loading current is injected, resulting in the steady-state flattop operation. Turning off both, the generator and the beam current, yields an exponential decay of the cavity field. BEAM TABLE   FEED-FORWARD TABLE   SET-POINT TABLE   FPGA 
Conclusions
The TESLA cavity simulator integrated with controller has been implemented for the control system purpose, applying FPGA technology. An efficient DSP algorithm was developed describing a cavity model in a comprehensive way. Proper scaling of parameters and variables in the DSP program provides an optimal numerical precision for a given bit resolution. The FPGA cavity simulator has been investigated for different operational conditions: step response, feed-forward and feed-back mode. The step operation and vector stimulus method is proven to be efficient for testing a FPGA device coupled to the Matlab system. The FPGA implementation with 18-bit resolution is sufficient for simulation purpose and control system testing. The cavity simulator can be adopted for superconductive and normal conductive resonator models by applying different sets of parameters. The very confined resources occupied by the 18-bit resolution model (inside a single programmable chip) allow for prospective simulation and control of a large number of accelerator cavities by a single FPGA chip.
